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Abstract 

We study how the structure of the interaction graph of a game affects the existence of pure Nash 
equilibria. In particular, for a fixed interaction graph, we are interested in whether there exist pure Nash 
equilibria which arise when random utility tables are assigned to the players. We provide conditions 
for the structure of the graph under which equilibria are likely to exist and complementary conditions 
which make the existence of equilibria highly unlikely. Our results have immediate implications for 
many deterministic graphs and generalize known results for random games on the complete graph. In 
particular, our results imply that the probability that bounded degree graphs have pure Nash equilibria is 
exponentially small in the size of the graph and yield a simple algorithm that finds small non-existence 
certificates for a large family of graphs. We then show that as ri ^ oo, any graph on n vertices with 
expansion (1 + 17(1)) logn will have the number of equilbria distributed as a Poisson random variable 
with parameter 1. 

In order to obtain a refined characterization of the degree of connectivity associated with the existence 
of equilibria, we study the model in the random graph setting. In particular, we look at the case where 
the interaction graph is drawn from the Erdos-Renyi, G{n, p), where each edge is present independently 
with probability p. For this model we establish a double phase transition for the existence of pure 
Nash equilibria as a function of the average degree pn consistent with the non-monotone behavior of the 
model. We show that when the average degree satisfies np > (2 + 11(1)) log n, the number of pure Nash 
equilibria follows a Poisson distribution with parameter 1. Whenl/71 << np < (0.5 — 11(1)) log n pure 
Nash equilibria fail to exist with high probability. Finally, when np << I/71 a pure Nash equilibrium 
exists with high probability. 

1 Introduction 

In recent years, there has been a convergence of ideas coming from computer science, social sciences and 
economic sciences as researchers in these fields attempt to model and analyze the characteristics and dynam- 
ics of large complex networks, such as the web graph, social networks and recommendation networks. From 
the computational perspective, it has been recognized that the successful design of algorithms performed 
on such networks, including routing, ranking and recommendation algorithms, must take into account the 
social dynamics and economic incentives as well as the technical properties that govern network growth 

m. 
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Game theory has been very successful in modeling strategic behavior in large networks of economically 
incentivized entities. In the context of routing, for instance, it has been employed to study the effect of self- 
ishness on the efficiency of a network, whereby the performance of the network at equilibrium is compared 
to the case where a central authority can simply dictate a solution |[30l [32l [33l 171. The effect of selfish- 
ness has been studied in several other settings, see e.g. load balancing |l8l|9l|20l[3Tl, facility location |[35]| . 
network designHl. 

One simple way to model interactions between agents in a large network is via the notion of a graphical 
game lITSl : a graph G = {V, E) is defined whose vertices represent the players of the game and an edge 
{v,w) S E con^esponds to strategic interaction between the players v and w; each player v has a finite 
set of strategies 5^, and an utility, or payoff, table which assigns a real number u^,{(yv,'yjsf{v)) to every 
selection of strategies for player v and the players in f 's neighborhood, denoted by J\f{v). A pure Nash 
equilibrium (PNE) of the game is some state or strategy profile a of the game which assigns to every player 
V a single strategy G Sy in such a way that no player has a unilateral incentive to deviate. Equivalently, 
for every player v ^V, 

Uv {(Tv , <yM{v) ) > Uv {o-'v , (^M(v) ) , for every strategy a[, G . (1) 

When condition ([T]) is satisfied, we say that the strategy is a best response to (J_^r(ii) ■ The concept of a pure 
strategy Nash equilibrium is more compelling, decision theoretically, than the concept of a mixed strategy 
equilibrium and it is therefore interesting to study how the number of PNE depends on the interaction 
structure of a game. 

Graphical games provide a more compact model of large networks of interacting agents, than normal 
form games, in which the game is described as if it were played on the complete graph. Besides the compact 
description, one of the motivations for the introduction of graphical games is their intuitive affinity with 
graphical statistical models; indeed, several algorithms for graphical games do have the flavor of algorithms 
for solving Bayes nets or constraint satisfaction problems ll2ni24l[T5l[T2l[T0l . 

In the other direction, the notion of a pure Nash equilibrium provides a new species of constraint satis- 
faction problems. Notably one in which, for any assignment of strategies (values) to the neighborhood of 
a player (variable), there is always a strategy (value) for that player which makes the constraint ^ corre- 
sponding to that player satisfied (i.e. being in best response). The reason why it might be hard to satisfy 
simultaneously the constraints corresponding to all players is the long range correlations that may appear 
between players. Indeed, deciding whether a pure Nash equilibrium exists is NP-hard even for very sparse 
graphical games lITSl . 

Viewed as a constraint satisfaction problem, the problem of existence of Nash equilibria poses interesting 
challenges. First, it is easy to see that for natural models as the one described here, the expected number 
of Nash equilibria is 1 for any graph, while for most other constraint satisfaction problems, the expected 
number of solution is exponential in the size of the graph with different exponents corresponding to different 
density parameters. Second, unlike most constraint satisfaction problems studied before, the problem of ex- 
istence of pure Nash equilibria is not a-priori monotone in any sense. It is remarkable that given these novel 
features of the problem it is possible to obtain a result establishing a double phase transition as described 
below. 

1.1 Outline of Main Results 

We obtain two types of results. In the first type we consider the existence of pure Nash equilibria (PNE) on 
random graphs and obtain exact information on the probability of existence of PNE in terms of the density 
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of the random graphs. The second type of resuhs concerns general graphs where we obtain conditions under 
which PNE do not exist with high probability and also propose an efficient algorithm for finding witnesses 
of non existence of PNE. 

We start be defining the notion of a random game. 

Definition 1.1 We study the number of PNE for graphical games when each player is assigned a payoff table 
whose entries are independently chosen from an atom-less distribution. In this case the existence of PNE is 
only determined by the best response tables. The best response table for player v is a binary table with the 
same dimensions as the payoff table; the entry indexed by (cr^, ct^^^,)) is set to 1 ifa^j is a best response to 
^N{v)' otherwise it is set to 0. It is thus suffices to consider the uniform measure over best response tables 
which have exactly one value equal to 1 in the row indexed by CTj\f(v)- will further assume that each 
player can take only two actions. 

The problem of determining the number of PNE for random games with independent payoffs has been 
studied extensively: The early work of Goldberg et al. |[T4l computes the probability that a two-person 
random game with independent payoff tables has at least one PNE. Subsequently, Dresher ifTTI and Pa- 
pavassilopoulos |[26l generalized this result for an n-player game on the complete graph. Powers |[27]| and 
Stanford |[34l show that the number of PNE converges to a Poisson(l) random variable, for the complete 
graph as the number of players increases. Rinott et al. [i29il investigate the asymptotic distribution of PNE 
when there are positive or negative dependencies among the payoff tables. In this paper we investigate the 
number of PNE on random games with independent payoffs, for various deterministic and random graphs, 
generalizing the existing results beyond games on the complete graph. The main results discussed in this pa- 
per have been presented in a number of talks |[23l l22l which resulted in a few manuscripts studying random 
games on various graph topologies. 

1.1.1 PNE on Random Graphs 

The first question we address is what is the average degree required for a game to have pure Nash equilibria? 
To study this question it is natural to consider families of graphs with different densities and see how the 
probability of PNE correlates with the density of the graph. We do so by considering graphs drawn from the 
Erdos-Renyi, G{n, p), model where each edge is present independently with probability p. Interestingly, the 
existence of a PNE is not monotone in p: an empty graph trivially has a PNE, a complete graph has a PNE 
with asymptotic probability 1 — ^ (see |[Tni29l ). but our results indicate that when p is in some intermediate 
regime, a PNE does not exist w.h.p. as n increases. Surprisingly, the Poisson convergence result for games 
on the complete graph |[27l [34l generahzes to random games on random graphs as long as the degree are at 
least logarithmic in the number of nodes in the graph. We also show that if the sparsity further increases, 
PNE do not exist with high probability until the graph becomes essentially empty, in which case PNE appear- 
again with probability 1. 

Our study here is an example of studying satisfiability of general constraint satisfaction problems. The 
question is to investigate the effect of the structure of the constraint graph on the satisfiability of the problems 
defined on the graph, as well as the computational complexity required to solve them. In the context of SAT 
formulas the key parameter is the density of the hypergraph defined on the variables, with a hyperedge 
corresponding to each clause, see e.g., ifTSl fTl. In other settings, other structural properties are important, 
for instance measures of the cyclicity of the graph |[6l[T6l. 
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Traditionally, in order to prove that a solution does not exist one either uses the first moment method |[3l 
or finds a witness of unsatisfiability. The second moment method has been often used to show the existence 
of satisfying assignment and its refinements provide some of the best bounds for satisfiability to date Q. 

As noted before, in our case the expected number of satisfying assignments is 1 for any graph. This 
suggests that the analysis of the problem should be exti"emely hard. Instead, we show how the second 
moment method can be used to show the existence of PNE in random games with sufficiently large density, 
and further use Stein's lH method to prove that in this case for almost all graphs the distribution of the 
number of PNE is asymptotically Poisson. Our proof that at lower densities there are no PNE uses small 
witnesses. More formally, we establish a phase transition described by the following theorems: 



Theorem 1.2 (High connectivity) Let Z denote the number of PNE in a random G{n, p)-game where p = 
^^"^"^n'"^" ^"'^ ^ ~ ^('^) ^ ^- ^'^^'^ distribution of Z converges to a Poisson{l) random variable. Further, 
for any n, with probability at least 1 — 2n~^/^ over the random graph it holds that the total variation distance 
between the distribution of Z and the distribution of a Poisson[\) r.v. W is bounded by: 

\\Z -W\\<0{n-^'^)+e^^{-^{n)). (2) 

(note that the two terms can be of the same order when e is of order nj log nj 

Theorem 1.3 (Medium Connectivity) For p < 1/n the probability of PNE is bounded by: 

exp(— O(n^p)). 

For p{n) = g{n)/n, where g{n) > 1, the probability of PNE is bounded by: 

exp(-0(e'°s"-25(n))). 

In particular the probability of PNE goes to Ofor 

«p<{0.5-e'{n))^. 

for e n = — p — 

-' ^ ' logn 

Theorem 1.4 (Low Connectivity) For every constant c > 0, ifp < the probability of PNE is at least 



c 



n{ri — l) 
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1-— 

Note that our lower and upper bounds for G(n, p) leave a small gap, between p = and p = ^ " . 

The behavior of the number of PNE in this regime remains open. It is natural to ask weather PNE appear 
exactly at the point where our witness for nonexistence of PNE becomes unlikely to exist. In other words 
we believe that our 'indifferent matching pennies' witnesses (defined subsequently) ai^e (similarly to isolated 
vertices in connectivity) the smallest structures that prevent the existence of pure Nash equilibria and the 
last ones to disappear-. 
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1.1.2 General Graphs 

We provide conditions for existence and non-existence of pure Nash equilibria in games defined on deter- 
ministic graphs. The existence of pure Nash equilibria is guaranteed by sufficient expansion properties of 
the underlying graph. The notion of expansion that we shall use is defined next. 

Definition 1.5 A graph G = {V,E) is a strong (a, 5)-expander iff every set V'such that \ V'\ < 5\V\ has 
> a.\V'\ neighbors and every set V such that \ V'\ > 6\V\ has \M{V')\ = \V\ neighbors. Here we 

let 

Af{V') = {weV :3ueV' with {w, u) e E}. 
(Note in particular that J\f(y') may intersect V'). 



We show the following result. 



Theorem 1.6 (Expander Graphs) Let Z denote the number of PNE in a random graphical game defined 
on a graph G on n vertices which is a strong (a, 5)-expander, where a = (1 + e) log2 n, 6 = and e > 0. 
Then the distribution is of Z is approximated by a Poisson{\) random variable in the followng sense: The 
total variation distance between the distribution of Z and the distribution of a Poisson(\) r.v. W is bounded 
by: 

||Z-W^|| < 0(n~^) + 0(2-"/2). (3) 

We provide next a complementary condition for the non-existence of PNE. We introduce the following 
structural property: an edge of a graph will be called d-bounded if both its vertices have degrees smaller or 
equal to d. We bound the probability of the existence of a PNE as a function of the number of such edges: 

Theorem 1.7 Consider a random game on a graph G which has m vertex disjoint edges that are d bounded 
has no PNE with probability at least: 

1 - exp I -m ( ^ ) I • (4) 



In particular, if the graph has m edges that are d bounded then the game has no PNE with probability at 
least: 

Moreover, there exists an algorithm of complexity 0{m2'^~^'^) for proving that PNE does not exist with 
success probability given by (j?]) and (15]) respectively. 

More generally, assign to each edge {u,v) E E weight W(^u,v) ■= — log(l — P{u,v))> where P[u,v) = 
^_2<iv.+dv 2^ ^/jg^^g du,dy are the degree of u and v respectively. Suppose that £ is a maximal weighted 
independent edge set with value W£. Then the probability that there exists no PNE is at least 

1 - exp {-ws) . 
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An easy consequence of this result is that many sparse graphs, like the line and the grid, do not have pure 
Nash equilibria with high probability as the number of players increases. 

The proof of the theorem is based on the following witness for the non-existence of PNE: We say that 
players a and b play the indifferent matching pennies game if their payoff tables are defined as follows. 







b plays 0, any (Tj^{a)\ib} 


6 plays 1, any (Tj^(a)\ib} 


Payoffs to player a : 


a plays 


1 







a plays 1 





1 






a plays 0, any a^(6)\|a| 


a plays 1, any a_v-(6)\|a| 


Payoffs to player b : 


b plays 





1 




b plays 1 


1 






Note that if a graphical game contains an edge {u, v) so that players u and v play the indifferent matching 
pennies game then the game has no PNE. 

The indifferent matching pennies game provides a small witness the non-existence of pure Nash equi- 
libria, which is a co-NP complete problem for bounded degree graphical games. Our analysis implies that, 
with high probability over bounded degree graphical games, there are short proofs for the non-existence 
of pure Nash equilibria which can be found efficiently. A related analysis and randomized algorithm was 
introduced for mixed Nash equilibria for 2 player games by Barany et al. liTTl . 

1.2 Acknowledgement 

We thank Mar tin Dyer for pointing out an eiTor in the previous formulation of Theorem 1 1.7 1 

2 Random Graphs 
2.1 High Connectivity 

In this section we establish that for the random graph model when the average degree satisfies pn > {2 + 
e)logn the distribution of PNE converges to a Poisson(l) random variable, with high probability over 
random graphs. This implies in particular that a PNE exists with probability that converges to 1 — ^ as the 
size of the network n ^ oo and pn > (2 + e) log n. 

As in the proof of |[29l for the complete graph we will use the following result by Arratia et al. 151 that is 
based on Stein's method. It will be useful below to denote by Wx a Poisson random variable with parameter 
A. We will write W for Wi. For two random variables Z, Z' taking values in 0, 1, ... we define their total 
variation distance \ \Z — Z'\ \ as: 

^ oo 

\\Z-Z'\\ = -^\Z{^)-Z'{i)\ 

i=0 

Lemma 2.1 Consider arbitrary dependent Bernoulli random variables Xi, i = 0, . . . , N. For each i, define 
a neighborhood of dependence Bi of Xi such that Bi satisfies that {Xj : j G Bf) are independent of X^. 
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Let 

N 



Z = ^X, = 1, A = E[Z]. (6) 

1=0 



and 



N 

62 = 5] J] P[X, = 1,X, = 1]. (8) 

i=o jeSAiO 

r/jen ifbi,b2 — > Z tends to Poisson with mean X as n ^ 00. Further, the total variation distance 
between the distribution of Z and a Poisson random variable W\ with mean A is bounded by 

\\Z -W\\<2{bi + b2). (9) 

Theorem II. 2t Let Z denote the number of PNE in a random G{n,p)-game where p = ^^"'"'^^^"^ " <3f^d 
e = e{n) > 0. Then the distribution of Z converges to a Poisson[\) random variable. Further, for any n, 
with probability at least 1 — n~''/^ — 2~" over the random graph it holds that the total variation distance 
between the distribution of Z and the distribution of a Poisson(l) r.v. W is bounded by: 

\\Z -W\\< 0{n-'/^) + exp(-0(n)). (10) 



Proof: For ease of notation, in the sequel we identify pure strategy profiles with integers in {0, . . . , 2" — 1} 
mapping an integer to each strategy profile. The mapping is defined so that if the binary expansion of i is 
. . . i{n) then player k plays i{k). 
Next, to every strategy profile i G {0, . . . , N}, where N = 2^^ — 1, we assign an indicator random 
variable Xi which is 1 if strategy profile i is a PNE. Then the counting random variable 

N 

Z = ^Xi (11) 

corresponds to the number of pure Nash equilibria, so that the existence of a pure Nash equilibrium is 
equivalent to the random variable Z being positive. Clearly we have E[X.i\ = 2""^ for all i so E[Z] = 1. 

There are two sources of randomness the model: the selection of a random graph which determines 
the interactions of players and the random entries of the payoff tables of the players which are selected 
independently. An interesting feature of our model is that the neighborhood of dependence Bi of a strategy 
profile f is a random set of strategies that depends on the graph realization (but not the payoff tables). We 
denote P(„.p)[.] for probabilities of events over both graphs and payoff tables and let and Ft be the 
(random) measures over graphs and tables respectively. Observe that the tables can only be realized for a 
given graph (since their dimensions depend on the graph) and therefore Ft will always be a function of the 
graph G. The proof relies on identifying Bi for any fixed graph G. 
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Lemma 2.2 

and 



Bo = {j : 3k,yk' s.t. {k, k') £ E{G) it holds that; j{k') = 0} 



Bi = i®BQ = {i®j:j£BQ} 
where i® j = (i(l) © • • • , i{n) ® j{n)) and © is the exclusive or operation. 

Proof: By symmetry, it is enough to show that Xq is independent from {Xi]^^^^^ Observe that, in every 
strategy profile i ^ Bq, every player k of the game has at least one neighbor k' playing strategy 1. By 
independence of the payoff entries, it follows then that whether strategy is a best response for player k in 
strategy profile is independent of whether strategy i{k) is a best response for player k in strategy profile i, 
since these events depend on different rows of the payoff matrix of player k indexed by the strategies of the 
neighbors, which include player k' . ■ 

Now for any fixed graph G, hi{G) and 62(G) are well defined. We will bound 



Eg[fei(G)] 



N 



Y,Y.^T[Xi = l]WT[Xj=l] 
i=0 j£B, 



{N + 1) 



1 ^ 

' i=0 



Eg[|i?o|] 
(12) 



Ec;[62(G)] 



N 



J2 E ft[x, = i,x, = 1] 



(iV + 1) E Eg [Pt[Xo = 1, X, = G Bo]] . 

(13) 



From the symmetry of the model, it is clear that the last term depends only on the number of I's in z denoted 
s below. To simplify notation we will write Yg for the indicator that a strategy with the first s players play 1 
and all others play is Nash. We will write Is for the indicator that this strategy is in Bq (note that Is is a 
function of the graph only). We now have: 



s=l 



EgN = 2"E )Ee[^.Fr[lo = l,Ys = 1]]. 



(14) 



Lemma 2.3 



Eg[6i]=2-"EnEg[I,]. 
Eg[h] < R{n,p) := ^ 2-" min(l, n(l - p)^"!) 

s=l 



(15) 



(16) 



Eg [62] < S{n,v) ■= ^ [(1 + (1 -p)^)""^ " (1 " {I - pY 



(17) 
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Proof: We begin by analyzing Eg [bi]. Clearly it suffices to bound E[Is] by n{l — pY . This follows from the 
fact that in order for the strategy with the set 5 of 1 to be not independent of the all strategy, it is needed 
there there is at least one player who is not connected to the set S. The probability for each player not to be 
connected to a neighbor in S is either (1 — pY or (1 — p)*~^ and is always at most (1 — pY~^- Therefore 
the probability there is at least one player who is not connected to S is at most n(l — pY~^- 

We now analyze Eg[/sPr[yo = l,Ys = 1]]. Let 5 be a set of size s where players play 1. Recall that 
two strategy profiles will be dependent when there exists at least one player who has all adjacent players not 
changing their strategy. Observe that if such a player Pi £ S existed then Pt[^o = 1, = 1] = 0, as it 
cannot be that both strategies for Pi are best response. 

Therefore the only contribution to Eg[/sPr[^o = ^,Ys = 1]] is from the event that each player in S 
is adjacent to at least one other players in S (in other words, there is an edge connecting them). Note that 
given the event above, in order for = 1 it must be the case that at least one of the players in 5"^ must be 
not adjacent to S. 

Let ps = ^g[$ isolated node in S subgraph] and t denote the number of players in S"^, not adjacent to S. 
Since each player outside 5 is non-adjacent to S with probability (1 — p)*, the probability that t players are 
not adjacent to S is 

^""'^'[(i-pn*(i-(i-p)T 



t 

Moreover, conditioned on the event that t players in 5^ are not adjacent to S and all other are adjacent to S 
we have that the probability that Yq = I and Ys = 1 is: 

1 1 



2* 4 



n—t ' 



Putting these together we obtain: 

Eg[I,FT[Yo = l,Ys = l]]= 'j[(i-p)t(i-(i-prr— (18) 



t=i 

P. 



((2(1 -pY + {1-{1- pY)T~' - (1 - (1 - pYT^') (19) 
I ((1 + (1 - pYT-' - (1 - (1 - pYT"") (20) 



and therefore 



EeN = E^""^^'^ [(1 + c^-pYT-' - (1 - i^-prr-'] < s{n,p). 



In the appendix we show that 
Lemma 2.4 

and 



S{n,p) < 0{n~'/^)+exp{-n{n)), 
R{n,p) < 0{n~'/^) + exp{-n{n)). 
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We therefore conclude that the same holds for Eg [61] and £[62] and therefore with probability at least 
1 — n"*^/^ — 2~" over the graphs we have 

max(6i, 62) < n""/^ + exp(-0(n)). 
Note by Lemma |2?T] conditioned on the event that max(6i, ^2) < 0{n~'^/^) + exp(— we have that: 

\\Z-W\\< 2(61 + 62) < 0{n~'/^) + exp(-J7(n)) 

as needed. ■ 

2.2 Medium Connectivity 

Theorem ll.3t For p < 1/n the probability ofPNE is bounded by: 

exp(— il(n^p)). 

Forp{n) = g{n)/n, where g{n) > 1, the probability ofPNE is bounded by: 

exp(-0(e'°s"-2f("))). 
In particular the probability of PNE goes to Ofor 

0.5 log n 



1/n^ << p « 



n 



Proof: Recall the matching pennies game described by the following payoff matrices of its two players a 
and b. It is not hard to see that the game does not have a pure Nash equilibrium. 







h plays 


h plays 1 


Payoffs to player a : 


a plays 


1 







a plays 1 





1 






b plays 


h plays 1 


Payoffs to player h : 


a plays 





1 




a plays 1 


1 






Note that if a graphical game contains two players who are connected to each other, are isolated from the 
other players, and are playing matching pennies against each other then the graphical game will not have a 
PNE. The existence of such a witness is precisely what we shall use to establish our result. In particular, 
we will show that with high probability a random game from our ensemble will contain an isolated edge 
between players playing a matching pennies game. 

We will use the following exposure argument. Label the vertices of the graph by the set [n]. Let Fi = [n] 
and perform the following while |rj| > n/2: 

• Let j be the minimal value such that j e Pj. 
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• If j is adjacent to more than one vertex or to none, then remove j let Fj+i = Fj where j and all 
vertices adjacent to j are. removed. Now go to the next iteration. 

• Otherwise, let j' be the unique neighbor of j. If j' has at least one neighbor, then let Tj+i = Tj where 

and all vertices adjacent to j' are removed. Now go to the next iteration. 

• Otherwise check if the edge connecting j and j' is matching pennies. If it is, declaim NO NASH. Let 
Fj+i = Ti where j, j' are removed. Now go to the next iteration. 

It is clear that at each iteration the probability of finding an isolated edge is at least 0.25np(l — p)^" and 
therefore the probability of a victory at that stage is at least |0.25np(l — p)^" > 0.01np(l — p)^". 

Note that the number of vertices removed in the first m = O.ln/ {np + 1) stages is bounded by 2m + 
Bin{mn, p) random variable. This follows since the number of vertices removed at each iteration is a subset 
of the vertex examined, one of it's neighbors and all the neighbor neighbors. Thus at each iteration at most 

2 + Bin{n,p) 

vertices are removed. Therefore the probability that the number of stages is less than m is 

exp(— r2(n)). 

and the overall probability that the game has PNE is bounded by: 

exp(-J7(n)) + (l-0.01ni9(l-p)2")'" < exp(-0(?i))+exp(-0(mnp(l-p)2")) < exp(-J](mnp(l-p)2'^)). 
Note that for p < 1/n the last expression is 

exp(— O(n^p)), 
while for p > g{n)/n where g{n) > 1 the last expression is 

exp(-0(?i(l = exp(-J7(ne-2f(")))exp(-0(e'°s"-23("))). 

■ 

2.3 Low Connectivity 
Theorem II. 4t For every constant c > 0, ifp 

P(„,p)[3aPNE] = (l 

3 Deterministic Graphs 

3.1 A Sufficient Condition for Existence of Equilibria: Expansion 

We provide a proof of Theorem ll.6[ 



= -% then 

ri(n — 1) 



11 



Proof: We slightly change the notation of the proof of Theorem II .21 and let for i = 0, 1, . . . , — 1 = 
2" — 1, is the indicator random variable of the event that the strategy profile z is a pure Nash equilibrium. 
Clearly, 



E[Z] = E 



. i=0 



1. 



As in the proof of Theorem II .21 to establish our result, it suffices to bound the following quantities. 

bi{G) 

b2{G) 



N-l 



where the neighborhoods of dependence Bi are defined as in Lemma |Z21 For 5 C {l,...,n}, denote by 
i{S) the strategy profile in which the players of the set 5 play 1 and the players not in 5 play 0. Then writing 
l{j G B) for the indicator of that j G S we have: 



62(G) 



N-l 
N-l 

J2Ym^ = hX, = l]l{jeB,) 

Nj2nXo = l,Xj = l]l{jeBo) 



(by symmetry) 



^E E nxo = i,x,^s) = mi{s)eBo) 

k=l S,\S\=k 



We will bound the sum above by bounding 



lSn\ 



and 



ny E nxo = i,x,^s) = miis)eBo), 

k=l S,\S\=k 



^ E E nxo = i,x,^s) = miis)€Bo 

k=l5ni+l S,\S\=k 



(22) 



(23) 



seperately. 

Note if some set S satisfies l^l < [6n\ then |AA(S')| > a\S\ since the graph is a strong (a, 5)-expander. 
Moreover, each vertex (player) of the set AA(5) is playing its best response to the strategies of its neighbors 
in both profiles and i{S) with probability i, since its environment is different in the two profiles. On the 
other hand, each player not in that set is in best response in both profiles and i{S) with probability at most 
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i. Hence, we can bound (l22l) by 

[Sn] I5n\ , . n-ak / \ ak l^n} , . / 1 \ 

NY. E < NY E i -E : 

fc=l S,|5|=fc A:=l 5,|S|=fc A:=l^^^^ 



To bound the second term, notice that, if some set 5 satisfies \S\ > [6n\ + 1, then since the graph is a strong 
(a, 5)-expander M{S) = V and, therefore, the environment of every player is different in the two profiles 
and i{S). Hence, l{i{S) G Bq) = 0. By combining the above we get that 

62(G) < 2n"^ 

It remains to bound the easier term bi (G). We have 

N-l N-l 

b,{G) -2-^ = Y, E ^[^* = = 1] = E E ^[^^ = = ^ 

= 2-"j;i(iGi?o) 

lSn\ n 

= 2~"E E ms)^B,) + 2-- E iw«)e^o). 

fc=l 5,|S|=fc k=[&n\+lS,\S\=k 

The second term is zero as before. For all large n the first term contains at most 2"/^~^ terms and is therefore 
bounded by 2-"/2-i follows that 

61(G) + 62(G) <2n-^ + 2-"/2. 
An application of the result by Arratia et al.|l5l concludes the proof. ■ 



3.2 A Sufficient Condition for Non-Existence of Equilibria: Indifferent Matching Pennies 

In this section we provide a proof of Theorem 1 1.7 1 Recall that an edge of a graph is called d-bounded if both 
adjacent vertices have degrees smaller or equal to d. Theorem II .7 1 specifies that any graph with many such 
edges is unlikely to have PNE. We proceed to the proof of the claim. 



Proof: Consider a d-bounded edge in a game connecting two players a and 6, each one Interacting with d—1 
(or less) other players denoted by ai, 02 . . . ad-i and 61, 62 . . . bd-i- Recall that if the game played on this 
edge is indifferent matching pennies then the game has no PNE. The key observation is that a d-bounded 
edge is an indifferent matching pennies game probability at least Pimp = (|)^ — since in a random 
two player game a matching pennies appears with probability ^ and there are 2^*^"^ possible pure strategy 
profiles for the players ai, 02 . . . fld-i, 61, 62 . . . bd-i- 

Note that for a collection of edge disjoint edges, the events that they play indifferent matching pennies 
are independent and therefore the probability that the game has PNE is bounded by: 

(1 - PimpT^ < exp(-mpimp) = exp -m 
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For the second statement of the theorem note that if there aie m bounded d edges, then there aie at least 
m/{2d) vertex disjoint bounded d edges. 

The algorithmic statement follows from the fact that we may explore all edges of the graphs in complexity 
(2) to find the d-bounded edges. Then in time 0(m2°'+^) we can check if any of these edges play indifferent 
matching pennies. 

The final statement has a similar proof where now the potential witnesses are the edges of 8. ■ 

Many random graphical games on deterministic graphs such as players arranged on a line, grid, or any 
other bounded degree graph (with 6t;(l) edges) are special cases of the above theorem and hence are unlikely 
to have PNE asymptotically. 
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A Appendix 
High Density Proof 

The first function we need to bound is the following 



S{n,p) := ^ [(1 + {l-p)T-' - (1 - {I-pY 



To bound S{n,p) we split the range of the summation into the following regions and bound the sum over 

— g 

each region separately. Let us choose a = a{e) G (0, 0.5) such that 2^(") • ^-^^ — - < c < 1, where H{-) 
is the entropy function and c is some constant bounded away from 1, and let us define the following regions: 



I. 1< s < 



(2+e)p' 

II. <s<an; 

III. an < s < 2^^^' 

IV. 2Tt^ < s < n. 



Let us then write 

S{n,p) = Si{n,p) + Sii{n,p) + S'ni(n,p) + S'iv(n,p), 
where Si{n,p) denotes the sum over region I etc., and bound each term separately. 
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Region I. 

The following lemma will be useful. 

Lemma A.l For all e > 0, p G (0, 1) and s, 1 < s < jj+Fjp' 

^ ^' - 2 + e 

Proof: First note that, for all A; > 1, 



2k + 2)^ - \2k + i;^ 
To verify the latter note that it is equivalent to 

2k + 2 



s<2k + l + 



P 



which is true since s < /„ ^ \ = ,■> < -■ 

- (2+e)p (7 + l)p - P 



Using dMjl, it follows that 



{1-pY <l-[^]p+[^]p 



Note finally that 

0.5e s{s - 1) 2 
2 + e 2 ^ ' 

which applied to ( |25l ) gives 

(2 + 05^ 

^ - 2 + e 
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Using Lemma lAlTl we get 



S<7 



■(2+f)P 

< 



(2+£)P 



< >; (:)2-exp(-<i^|5:if5(„-.)) 



< >; |:,2-exp(-(l^^„)exp((l^^.) 



■(2+f)P 

< 



Q 2- exp(-(l + 0.25e) log n s) exp( + ""^^^ ^ 

(2+£)p 



(2 + £)p 



2 



■ (2+e)P 



O(n-0-25^) ( since ^ < 1 
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Region II. 

We have 



Snin,p)< Yl Q 2-^(1 + (l-p)^r 



< 

- <s<cm 



(2 + e)p- 



< 

- <s<an 



(2+£)p 

< an 



/ ^ \ n 

n\ 1 + e 2+e \ 



an / \ 2 



< an2-^(")(n + 1) (^^^|^ j (since < (n + 1)2"^(^) 

< an(n + 1) f 2^(") • i^^^^ = exp(-J7(n)), 



because a was chosen so that 2^^") • ^+^^^ < c < 1. 
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Region III. 

We will show that every term of the summation Siii{n,p) is exponentially small and, hence, S'iii(n,p) itself 
is exponentially small. Indeed 

2-"(l + (1 - p)T < Q 2-^^(1 + e-PT 



n\ „ / 1 
1 + 



n(2+Oa„i-(2+f)a 



SI \ n 



< I 1 l2-"e^' 

2+e 



(2+e)a 



<(n + l)2"^(^)2-"e"^-''+^^ 
= (n+ l)2"(^(^)"i)e"''''^^'" = exp(-J7(n)), 

where the last assertion follows from H (^2T^^ < 1 which is true since e = ^2(1). 
Region IV. 

Note that, if x/c < 1, then by the mean value theorem 

(1 + x)'' - (1 - =< 2x max /cy^~^ = 2A;x(l + l/Zc)''"^ < 2eA;x. 

l-l/k<y<l+l/k 

We can apply this for A; = n — s and x = {\ — pY since 

{2+e)logri n ft — S 

(n - - pY < (n - 8)6'^" < (n - s)e ~- < < 1. 

n 
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Hence, S'iv(n,p) is bounded as follows 

SMn,p)< Yl (^)2-"2e(n-s)(l-p)^ 



<2e-2^"-n(l + (l-p))" 
<2en(l-|)'^ 

< 2ene"§" 

_ (2+£)Jogn 

< 2ene 2" 

< 2enn 2 

< 2en~5. 



Putting everything together 

Combining the above we get that 



S{n,p) < 0(n-^/^) + exp(-J7(n)) 



Bounding R 

The next function we need to bound is: 



R{n,p) = ('')2-"min(l,n(l 

s=l 



We will bound it by: 



R{n,p) < J2 (")2-"min(l,nexp(-p(s - 1))) (26) 

<2-" J] E (^)nexp(-p(s-l)) (27) 

l<s<n/{2+e/2)+l ^ ^ s>n/(2+e.2)+l 

< 2"" ^ Qnexp(-p(s - 1)) + exp(-J7(n)) (28) 



s>n/{2+e/2)+l 

In order to bound the last sum we observe that when s>n/ (2 + e/2) + l we have 

nexp{-pis - 1)) < nexp(-^^±^^^^^) < n x n-(2+^)/(2W2) < „-./4^ 

n 2 + e/2 

as needed. 
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Proof of Theorem?? 



We first note that when c is fixed then the probabihty that any two edges intersect is o(l). On the event that 
there are no intersecting edges the probability that there is PNE equals the probability that no edge of the 
graph defines a matching pennies game between two players. Therefore the asymptotic probability is given 
by: 

7i{n—l) 
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